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We revisit and numerically demonstrate the stability of the black hole slowest decaying quasi-normal mode
(QNM), also providing evidence of the instability of black hole highly damped QNMs under small scale pertur-
bations, as identified by Nollert. A reconciliation between the unstable aspects of the QNM spectrum and the
robustness of ringing down frequencies is given in terms of the underlying analytical structure of the problem.
Methodologically, a compactified hyperboloidal approach to QNMs is adopted. This casts QNMs in terms of the
spectral problem of a non-selfadjoint operator where specific tools, namely the pseudospectrum, can be applied.
After illustrating the approach with the Po¨schl-Teller potential, we study the physically relevant Schwarzschild
case and consider some of the astrophysical and fundamental physics implications of QNM (in)stabilities.
1. Introduction: Black hole QNMs characterize the res-
onant frequencies of (linear) fields propagating on a black
hole (BH) spacetime. Being an intrinsic property of the
background, QNM frequencies encode crucial geometric in-
formation about BHs and their environment. Thus, they
have become a fundamental tool in astrophysics, fundamental
physics, and mathematical relativity in their attempts to probe
spacetime geometry through scattering methods. The ultimate
significance of QNM frequencies depends directly on the un-
derstanding and control of their spectral stability. Systemati-
cally addressing this issue defines our goal here.
Nollert’s pioneering work in BH QNM spectral stability [1],
complemented by [2], studies the effect of a class of small
scale perturbations on the Schwarzschild potential. An over-
all instability in the whole QNM spectrum was found, includ-
ing the slowest decaying mode. The latter is in tension with
the ringdown in scattering evolutions, indeed compatible with
the unperturbed Schwarzschild case. Beyond Nollert’s works,
BH QNM spectral (in)stability has received attention in dif-
ferent physics settings. In astrophysics, the understanding of
possible observational signatures of environmental features in
(“dirty”) BHs has prompted a theory effort [3, 4], a research
line intensified in recent times [5–7]. Indeed, in the era of
gravitational-wave astronomy, the stability of QNM overtones
is paramount for BH spectroscopy [8–11]. At a fundamen-
tal physics level, the perspective of accessing quantum scales
through the analysis of high-frequency (highly damped) QNM
instability has also tantalized the research [12–16]. However,
a comprehensive picture reconciling the distinct and seem-
ingly contrasting findings appears to be still lacking.
We address this tension by proposing a framework to QNM
spectral (in)stability that stresses the geometric and analytical
structure of the system. Our systematic methodology lies on
two fundamental ingredients: i) a hyperboloidal approach to
QNMs casting their calculation as the eigenvalue problem of a
non-selfadjoint operator, and ii) the notion of pseudospectrum
to study the spectral (in)stability of non-selfadjoint operators.
2. Hyperboloidal approach: The hyperboloidal approach
to fields propagating on a BH background provides a geomet-
ric framework to the study of QNMs [17–26]. Specifically, the
scheme geometrically imposes QNM outgoing boundary con-
ditions by adopting a spacetime slicing that intersects future
null infinity I + and, in the BH setting, penetrates the hori-
zon. Since light cones point outwards at the boundary of the
domain, the outgoing boundary conditions are automatically
imposed for propagating physical degrees of freedom.
Here we focus on the scattering problem of (massless) lin-
ear fields on a stationary spherically symmetric BH back-
ground. In standard Schwarzschild coordinates, t = const.
slices correspond to Cauchy surfaces intersecting both the
horizon bifurcation sphere and spatial infinity io. Expanding
in spherical harmonics, we consider equations for appropriate
(scalar, electromagnetic, gravitational) φ`m modes writing as(
∂2
∂t2
− ∂
2
∂r2∗
+ V`
)
φ`m = 0 , (1)
where r∗ ∈]−∞,∞[ is the tortoise coordinate. The BH hori-
zon and (spatial) infinity correspond, respectively, to r∗→−∞
and r∗ → +∞. Introducing the dimensionless coordinates
t¯ = t/λ and x¯ = r∗/λ (and V¯` = λ2V`), for an appropriate
length scale λ, we consider the change to coordinates (τ, x){
t¯ = τ − h(x)
x¯ = f(x)
. (2)
The height function h(x) implements the hyperboloidal slic-
ing, i.e. τ = const. is a horizon-penetrating hyperboloidal
slice Στ intersecting future I +. The function f(x) intro-
duces a spatial compactification between x¯ ∈ [−∞,∞] to an
interval [a, b]. Making use of Eq. (2) and a first-order reduc-
tion in time via ψ`m = ∂τφ`m, the wave equation (1) writes
∂τu`m = iLu`m; u`m =
(
φ`m
ψ`m
)
, L =
1
i
(
0 1
L1 L2
)
, (3)
with L1 = w−1(x)(∂x(p(x)∂x) − q(x)) the Sturm-Liouville
operator with p(x) = 1/|f ′|, q(x)=|f ′|V` =: V˜` and w(x) =
(f ′2 − h′2)/|f ′| > 0, whereas L2 = w−1(2γ(x)∂x + ∂xγ).
Under Fourier transform in τ [27], we get the spectral problem
Lun`m = ωn`m un`m . (4)
Transformation (2) is such that p(a) = p(b) = 0, so that L1 is
“singular”, namely it does not admit boundary conditions (if
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2restricting to regular functions on [a, b]). QNM boundary con-
ditions are in-built, in the compactified hyperboloidal scheme,
as regularity conditions in the “bulk” of the operator. This of-
fers an enlightening analytical counterpart to the geometric
imposition of outgoing boundary conditions atI + and BH.
The natural scalar product in the first-order formulation (3)
of the wave equation (1) is given (for V˜ > 0) by
〈u1,u2〉E=
1
2
∫ b
a
(
w(x)ψ¯1ψ2 + p(x)∂xφ¯1∂xφ2 + V˜`φ¯1φ2
)
dx ,(5)
related to the “total energy” of the scalar field φ on Σt
||u||2
E
= 〈u, u〉
E
=
∫
Στ
Tab(φ, ∂τφ)t
anbdΣτ , (6)
where ta denotes the timelike Killing, na the unit timelike
normal to Στ and Tab the field’s stress-energy tensor. Cru-
cially, the full operator L in (4) is not selfadjoint. The first-
order operator L2 is a dissipative term encoding the energy
leaking atI +. Indeed, L is selfadjoint in the non-dissipative
L2 = 0 case. We shall refer to || · ||E as the energy norm.
3. Spectral stability and pseudospectrum: The spectrum of
a non-selfadjoint operator is potentially unstable under small
perturbations of the operator. Let us consider a linear operator
A on a Hilbert space [28] and denote its adjoint by A†. The
operator A is called normal if and only if [A,A†] = 0. In par-
ticular, a selfadjoint operatorA†=A is normal. In this setting,
the ‘spectral theorem’ states that a normal operator is charac-
terized as being unitarily diagonalizable. The eigenfunctions
of A form an orthonormal basis and, crucially in the present
discussion, the eigenvalues are stable under perturbations of
A. The lack of such a ‘spectral theorem’ for non-normal op-
erators entails a severe loss of control on eigenfunction com-
pleteness and the potential instability of the spectrum of the
operator A. Here, we focus on this second aspect.
3.a) Eigenvalue condition number. Given an operator A
and an eigenvalue λi, left ui [29] and right vi eigenvectors are
A†ui = λ¯iui , Avi = λivi , (7)
with λ¯i the complex conjugate of λi. Let us consider, for
 > 0, the perturbation of A by a (bounded) operator δA
A() = A+  δA , ||δA|| = 1 , (8)
and focus, for simplicity, on the case with distinct eigenvalues.
The eigenvalues in the associated perturbed spectral problem
A()vi() = λi()vi(), satisfy the bound [30, 31]
|λi()− λi| =  |〈ui, δAvi()〉||〈ui, vi〉| ≤ 
||ui||||vi||
|〈ui, vi〉| +O(
2). (9)
The “condition number” of the eigenvalue λi is defined as
κ(λi) =
||ui|| ||vi||
|〈ui, vi〉| . (10)
In the normal operator case [32], ui and vi are proportional
(since A and A† can be diagonalized in the same basis). Then
κ(λi) = 1, leading to spectral stability: a small perturbation
of A entails a perturbation of the same order in the spectrum.
In contrast, in the non-normal case, ui and vi are not nec-
essarily collinear, and κ(λi) can become very large: small
perturbations of A can produce large deviations in the eigen-
values. The relative values of κ(λi) control the corresponding
instability sensitivity of different λi to perturbations.
3.b) Pseudospectrum. An eigenvalue λ of A is a complex
number that makes singular the operator (λId − A). More
generally, the spectrum σ(A) of A is the set {λ ∈ C} for
which the resolvent RA(λ) = (λId − A)−1 does not exist as
a bounded operator (cf. e.g. [30, 33]). This is a key notion for
normal operators but, due to spectral instabilities discussed
above, σ(A) is not necessarily the good object to consider
for non-normal operators. The notion of pseudospectrum pro-
vides a tool for systematically addressing spectral instability.
For  > 0, the -pseudospectrum σ(A) of A is [34]
σ(A) = {λ ∈ C : ||(λId−A)−1|| > 1/}
= {λ ∈ C,∃v ∈ Cn : ||(Av − λv|| < } (11)
= {λ ∈ C,∃ δA∈Mn(C), ||δA|| <  : λ∈σ(A+ δA)}.
These equivalent characterizations emphasize complementary
aspects of σ(A). The first one captures that for non-normal
operators, the resolvent RA(λ) can be very large far from
the spectrum σ(A). This is in contrast with the normal
case, where ||RA(λ)|| ≤ 1/dist(λ, σ(A)): the extension of
σ(A) far from σ(A) is a signature of strong non-normality
and indicates a poor analytic behavior of RA(λ). Then, -
pseudospectra are nested sets in C, with  decreasing towards
the ‘interior’ and such that σ0(A) = σ(A). The second defini-
tion introduces the concept of -quasimode, a key notion in the
semiclassical study [33] of A [35]. The third characterization
is the crucial one in our eigenvalue instability context since
it implies that points in σ(A) are actual eigenvalues of some
perturbation of A: if σ(A) extends far from the spectrum for
a small , then a small physical perturbation δA in A can pro-
duce a large physical deviation in the perturbed spectrum. The
pseudospectrum becomes a systematic tool to assess spectral
(in)stability, as illustrated in the hydrodynamics context [36].
3.c) Pseudospectrum and random perturbations. In the
light of the third characterization in (11), a small perturbation
δA to A in (8) can make “migrate” the perturbed eigenvalues
λ() up to the boundaries of the -pseudospectrum. For nor-
mal operators, the latter is a “tubular neighborhood” of radius
 around σ(A) [31]. However, in unstable non-normal situa-
tions, the radius of such tubular neighborhoods is controlled
by the condition numbers κ(λi)’s and can become very large,
so that σ(A) can extend to large regions in C. The Bauer-
Fike theorem provides a neat characterization of the relation
between the -pseudospectrum and κ(λi)’s (cf. [31]). In this
context, an efficient tool to explore such “migration” of eigen-
values through the complex plane (inside the -pseudospectra)
consists in considering random perturbations [37] δA with
||δA|| = . In particular, when eigenvalues are “pushed” to
the -pseudospectrum “contour lines”, the combination of the
a priori knowledge of the σ(A) pseudospectra with the actual
observed distribution of eigenvalues offers an avenue to ex-
tract information about the underlying physical perturbations.
4. Numerical methods: At an exploratory stage, we ad-
dress here pseudospectra in a numerical approach. This de-
3mands high accuracy. Spectral methods provide well-adapted
tools for these calculations [31, 38, 39]. We discretize the rel-
evant differential operators L in (3)-(4) via Chebyshev differ-
entiation matrices producing LN approximates. Obtaining the
pseudospectrum requires now the evaluation of matrix norms.
A standard practical choice assumes the L2-induced matrix
norm, involving the smallest singular value [31, 38].
Although this procedure captures the spectral instability of
A, a refined characterization is built here on the discretized
version of Eq. (5). Denoting the conjugate-transpose of A by
A∗ = A¯t, let us write a general hermitian-scalar product [40]
in Cn as 〈u, v〉
G
= (u∗)iGijvj , with G∗ = G. Then, the
adjoint A† of A with respect to 〈·, ·〉
G
writes A† = G−1A∗G.
The norm ||·||2
G
= 〈·, ·〉
G
inCn induces a matrix norm ||·||
G
in Mn(C). Defining sminG (M) = min{
√
λ : λ ∈ σ(M†M)},
M ∈Mn(C), the corresponding pseudospectrum writes [41]
σ
G
(A) = {λ ∈ C : smin
G
(λId−A) < } . (12)
Applying this to the discretised version of (5), we introduce an
“energy norm” || · ||
E
and associated pseudospectrum σ
E
(A).
5. Po¨schl-Teller toy model: To illustrate the elements intro-
duced above, we study first the Po¨schl-Teller potential [42].
This simple setting shares the fundamental behavior encoun-
tered in the BH context. Let us consider Eq. (1) in 1+1
Minkowski, with (t¯, x¯) coordinates (indices (`,m) dropped).
Choose for (2) the compactified hyperboloids given by Bizon-
Mach coordinates [43], mapping [−∞,∞] to [a, b] = [−1, 1]{
t¯ = τ − 12 ln(1− x2)
x¯ = arctanh(x)
⇔
{
τ = t¯− ln (cosh x¯)
x = tanh x¯
(13)
Eq. (1) becomes, after dividing by (1− x2) in x ∈]− 1, 1[(
∂2τ + 2x∂τ∂x + ∂τ + 2x∂x−(1− x2)∂2x +V˜
)
φ = 0 , (14)
with V˜ = λ2V/(1− x2), and the operators in eqs. (3)-(4)
L1 = ∂x
(
(1− x2)∂x
)− V˜ , L2 = − (2x∂x + 1) . (15)
The structure ofL1 andL2 discussed after (3) is apparent. The
Po¨schl-Teller potential V = Vosech2(x¯) writes under (13)
V = Vo(1− x2) , λ = 1/
√
Vo =⇒ V˜ = 1 . (16)
The QNM problem defined by Eqs. (3)-(4)-(15)-(16) is re-
markably simple in the Po¨schl-Teller case [44]. Its integra-
bility allows us to solve this QNM spectral problem explicitly
ω±n = ±
√
3
2
+ i
(
n+
1
2
)
, φ±n (x) = P
(iω±n ,iω
±
n )
n (x),(17)
where P (α,β)n (x) are the Jacobi polynomials.
5.a) Pseudospectrum: selfadjoint test case. We start by
considering a consistency test: setting L2 = 0, we deal with
a selfadjoint problem [cf. discussion after Eqs. (5)-(6)]. The
spectral problem is, therefore, stable. The left panel in Fig.1
shows the resulting pseudospectrum and eigenvalues (note
their real values, consistent with selfadjointness). This figure
illustrates the typical structure of a stable spectral problem:
a “flat” pseudospectrum with “large-epsilon” -pseudospectra
(namely  ∼ O(1)) when moving “slightly” away from eigen-
values. As a refined consistency test, κn = 1 for condition
numbers of normal operators is verified (cf. Fig.1). This is a
stringent non-trivial test for the numerical discretization of the
differential operator: it indeed critically involves a consistent
(and delicate) discrete realization of the scalar product (5).
5.b) Pseudospectrum: (in)stability of Po¨schl-Teller QNMs.
The Po¨schl-Teller pseudospectrum in the energy norm (6), to-
gether with the numerically calculated QNMs recovering (17),
is shown in Fig.1 (middle panel). The pseudospectrum offers
a sort of ‘map’ of the analytical structure of the resolvent, that
it is in stark contrast with the selfadjoint case L2 = 0: the
non-trivial pattern of the nested -pseudospectra, with “small-
epsilon” σ
G
sets extending in large regions of C, reveals the
instability structure of the QNM spectrum. Namely, eigenval-
ues of perturbed operators L() =L + δL, ||δL|| = 1, can
potentially reach all the C-plane region delimitated by an -
contour line. The pseudospectrum indicates a (strong) QNM
sensitivity to perturbations that increases as damping grows,
something consistent (via the Bauer-Fike theorem [31]) with
the relative values of condition numbers κ(ωn) (cf. Fig.1).
5.c) Random and high-frequency perturbations in V˜ . The
pseudospectrum itself does not inform on the kind of pertur-
bations actually triggering instabilities. Insight can be gained
from random perturbations [31, 33]. Remarkably, a random
perturbation δL solely involving the potential V˜ in (15) is
enough to trigger the QNM instability, so we shall denote it
δV . This sensitivity on V˜ endorses the physical relevance
of the instability that would be blurred in case of requiring
a perturbation of the whole L operator. Fig.1 (middle panel)
illustrates the effect of adding a random perturbartion δV ,
||δV || =  to V˜ : QNMs “migrate” to new branches cor-
responding to pseudospectrum contour lines. This effect is
not bound to stochastic perturbations, being also produced by
deterministic high-frequency perturbations of V˜ , e.g., δV ∼
cos(2pikx), with k  1. Such QNM instability under high-
frequency perturbations is consistent with analyses in [2, 6]
for Dirac-delta potentials (compare e.g., perturbed QNM
branches in Fig.1 here with Fig.1 in [6]). Crucially, no such
instability is observed for low-frequency deterministic pertur-
bations. In sum, these results advocate the physical instability
of highly-damped QNMs under high-frequency perturbations,
demonstrating the pseudospectrum’s capability to capture it.
5.d) Stability of the slowest damped QNM. In contrast with
highly-damped QNMs, the slowest decaying QNMs ω±o is sta-
ble [45]. This is demonstrated by both the -pseudospectrum
structure in Fig.1 and by the need of a perturbation with ||δV ||
of the same order as the induced variation in ω±o . The large
condition number ratios κ(ω±n )/κ(ω
±
o ) in Fig.1 also indicate
a much stronger stability as compared to QNM overtones.
6. (In)stability of Schwarzschild QNMs: We address now
the physical BH case. The potential in (1) is given by
V s` =
(
1− 2M
r
)(
`(`+ 1)
r2
+ (1− s2)2M
r3
)
, (18)
where r∗ = r+2M ln(r/2M−1) and s = 0, 1, 2 correspond,
respectively, to the scalar, electromagnetic and (axial) gravita-
4tional cases. In the coordinates (13), the potential (18) is non-
analytic in x, spoiling the accuracy of Chebyshev’s methods.
We resort rather to the ‘minimal gauge’ slicing [20, 21, 46],
guaranteeing the analyticity of the Schwarzschild potential.
For σ ∈ [0, 1] (as opposed to x ∈ [−1, 1]), Eq. (2) writes{
t¯ = τ − 12
(
lnσ + ln(1− σ)− 1σ
)
x¯ = 12
(
1
σ + ln(1− σ)− lnσ
) , (19)
with σ = 1 corresponding to the BH horizon and σ = 0 to
I +. Operators L1 and L2 in Eq. (4) write
L1 =
1
1 + σ
[
∂σ
(
σ2(1− σ)∂σ
)− (`(`+ 1) + (1− s2)σ)]
L2 =
1
1 + σ
[
(1− 2σ2)∂σ − 2σ
]
. (20)
Results. The right panel of Fig.1 shows the Schwarzschild
pseudospectrum, together with QNMs and the branch cut (re-
alized, in our discretized approach, as an eigenvalue branch).
As in Po¨schl-Teller, a high-frequency perturbation in V˜
pushes highly damped QNMs to the pseudospectrum con-
tour lines, though the analysis is more delicate due to inter-
ference with the branch cut (cf. Fig.4 in [47] for a similar
phenomenon). The key points of the qualitative discussion on
QNM instability extend from Po¨schl-Teller to the BH case:
i) The slowest decaying QNM is stable. Therefore, the late BH
ringdown frequency is not affected by perturbations. This is
in contrast with the conclusion in [1, 2]. In our understanding,
the latter is an artifact of the step-potential approximations,
that fundamentally modify the potential at large distances.
The proper treatment of the long-range structure through the
compactified hyperboloidal approach restores the stability.
ii) Highly damped QNMs are unstable under high-frequency
perturbations. The pseudospectrum structure provides a sys-
tematic explanatory frame, fully confirming this result by
Nollert [1, 2] (cf. also [7]). Sensitivity to high-frequency is
demonstrated through both random and high-frequency deter-
ministic perturbations, whereas no instability appears for slow
frequency perturbations, consistently with studies in [3–6].
iii) ‘Nollert BH QNM branches’ as pseudospectrum contour
lines. The comparison between BH QNM frequencies in Fig.2
of [1] and the pseudospectrum in Fig.1 suggests that perturbed
“Nollert QNM branches” follow the -contour lines of pseu-
dospectra (confirmed by high-frequency perturbations in our
setting). This behavior seems ‘universal’ [48], independent of
the high-frequency perturbation detailed nature and shared by
a class of long-range potentials (cf. central panel in Fig.1).
7. Discussion: Pseudospectra, together with tools from
the analysis of non-selfadjoint operators, reveal in a system-
atic manner the analytic structure underlying the (in)stability
properties of BH QNMs. This offers a rationale to establish
and integrate diverse evidence in the literature, namely: i) the
stability of the slowest decaying QNM (removing the existing
tension about the observed stability of BH ringing-down fre-
quencies), ii) the instability of highly-damped QNMs (well-
known in direct approaches [49, 50]), or iii) the structure be-
hind the pattern of perturbed ‘Nollert QNM BH branches.’
A compactified hyperboloidal approach to QNMs, combined
with accurate spectral numerical methods, provides sound ev-
idence of such a shared basic analytical structure, offering an
integrating approach to a priori disparate phenomena.
The astrophysical status of the highly-damped QNM in-
stability requires to assess whether actual astrophysical (and
fundamental physics) perturbations have properties (namely
‘size’ and frequency) triggering such instabilities. This is be-
yond our scope here. If such instability is absent, current
approaches to BH spectroscopy are safe. Otherwise, new
strategies might be needed [51]: the arrangement of perturbed
QNM branches along -contour lines of pseudospectra opens
the possibility of probing (in an ‘inverse scattering’ spirit)
environmental BH perturbations from the comparison of ob-
served QNMs with a priori known -pseudospectra. On the
other hand, when putting together the commented ‘universal-
ity’ of such perturbed QNM branches with Nollert’s key re-
mark on their similarity with (curvature) w-modes in neutron-
star QNMs (cf. also [52]), a natural question is posed: can
high-frequency perturbations “dress up” BHs as neutron stars?
Regarding fundamental physics, we note two points to
be considered: i) the assessment of possible signatures of
(sub)Planckian scales in (highly-)damped QNMs, with uni-
versal patterns ‘agnostic’ to an underlying quantum gravity
theory (and possibly including a fundamental random, regu-
larising, component); ii) in the setting of (strong) cosmic cen-
sorship in Reissner-Nordstro¨m de Sitter, application of pseu-
dospectrum tools to confirm/analyze the stability of the slow-
est decaying mode, controlling the spectral gap α and there-
fore the threshold for the Cauchy horizon stability [53, 54].
Finally, although the presented numerical evidence soundly
supports the described (in)stability features of BH QNMs, the
detailed study of Schwarzschild scattering resonances entails
subtle functional analysis issues, in particular concerning the
appropriate domain of the non-selfadjoint operator. This con-
nects our pseudospectrum study directly with the identifica-
tion in [20] of the full upper-complex plane as the actual spec-
trum if general C∞ eigenfunctions are allowed. An analysis
along the lines in [24, 25] (where Gevrey classes are identified
as the proper functional spaces to define QNMs) is therefore
required. Likewise, a systematic comparison with QNM sta-
bility in the framework of [23, 53] is needed (cf. also [55, 56]).
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FIG. 1. Pseudospectra sets σ of Po¨lsch-Teller and Schwarzschild in the energy norm ||·||E (-contour lines/color range in decimal log-scale).
Left panel: Typical pseudospectrum of a selfadjoint operator (here Po¨schl-Teller, L2 = 0): its “flat” pattern withO(1) “large-”-pseudospectra
contour lines right away from eigenvalues (red circles) shows spectral stability. Consistently, condition numbers read κn ≡ κ(ω±n ) = 1.
Middle panel: Pseudospectrum and QNMs — red circles, cf. values in (17) — of the full Po¨lsch-Teller operator L (Chebyshev approximate
LN , N = 100 grid points). The nested “small-”-pseudospectra extending into large regions demonstrates the QNM (in)stability structure:
smallO() perturbations of L can trigger QNMs to drift into wide -pseudospectra sets. Specifically, highly-damped QNMs are unstable under
high-frequency perturbations δV in the potential pushing the spectrum to “new branches” along pseudospectrum contour lines, as illustrated
by i) random δVr with distinct “energies” ||δVr||E ’s and ii) deterministic δVd ∼ cos(2pikx) with equal energy but varying frequency. The
fundamental mode is stable, which is confirmed by the large ratios κn/κo. Right panel: Pseudospectrum and QNMs of Schwarzschild,
` = 2 gravitational case (LN , N=200). Same qualitative stability structure, with highly-damped QNM instability more pronounced (though
the algebraically special QNM is relatively more stable, cf. κn’s). QNM behavior under perturbations is also similar, though its analysis is
hindered by the difficulty to disentangle instabilities in the branch cut numerical counterpart (along imaginary axis). Tools beyond numerics are
needed, and methodologically, we postpone such full analysis. Nevertheless, we can robustly conclude that, as in Po¨schl-Teller, high-frequency
perturbations induce QNM overtones to migrate to -pseudospectra contour lines, a pattern consistent with “Nollert QNM branches” [1].
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